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Abstract 



In this paper, some new sums for k — Fibonacci and k — Lucas numbers are derived and proved 



k Ar +4 ' 

\ l and R = 

2 2 

encountered in the k — Fibonacci and k — Lucas numbers literature. 



by using matrices S = 



0 k 2 + 4 

1 0 



The sums we derived are not 
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1 Introduction 

Many authors defined generalized Fibonacci sequences by varying initial conditions and recur- 
rence relation [1 — 14], This paper represents an interesting investigation about some special rela- 
tions between matrices and k — Fibonacci numb ers,fc— Lucas numbers. This investigation is valuable 
to obtain new k — Fibonacci , k — Lucas identities by different methods. This paper contributes to 
k— Fibonacci, k — Lucas numbers literature, and encourage many researchers to investigate the prop- 
erties of such number sequences. 

2 Some Preliminary Results 

In this section, some definitions and preliminary results are given which will be used in this paper. 

Definition 2.1 The k— Fibonacci sequence {Fk, n }ne n is defined as, Fk ^ n + 1 = fcFfe.n + Ffe,n- i, with Fk . o = 
0, Ffc,i = 1,/or n > 1 

1 Corresponding Author:mathematicsdept@vpcollege.net 
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Definition 2.2 The k — Lucas sequence {Tfc,n}neN defined as, Lfc >n + 1 = kLk, n + Lk, n - 1 . with = 
2, L fci i = k,for n> 1 

Characteristic equation of the initial recurrence relation is, 

r 2 — kr — 1 = 0, (1) 

and characteristic roots are 

/c + Vk 2 + 4 
= 

2 

and 

k — \/k 2 + 4 
7-2 _ 2 ’ 

Characteristic roots verify the properties, 



Binet forms for and L& in are 



and 



= y/ k 2 T 4 = VE, 


(2) 


ri + r 2 = k, 


(3) 


r\.r 2 = — 1. 


(4) 


r n n 

jp. _ r l ” r 2 
■T k,n 


(5) 


r i — r 2 




+ 

II 

g 


(6) 



From the definition of the k — Fibonacci numbers, one may deduce the value of any k-Fibonacci 
number by simple substitution on the corresponding Fk <n . For example, the seventh element of the 
4— Fibonacci sequence, is 5473. By doing k = 1; 2; 3; • • • the respective k-Fibonacci sequences 

are obtained. Sequence {Fi >n } is the classical Fibonacci sequence and {F 2t n} is the Pell sequence. 
It is worthy to be noted that only the first 10 k — Fibonacci sequences are referenced in The On- 
Line Encyclopedia of Integer Sequences [11] with the numbers given in Table 1. For k even with 
12 < k > 62 sequences {Ffc n } are referenced without the first term q = 0 in [11]. 

The first llk-Fibonacci sequences as numbered in The On-Line Encyclopedia of Integer Se- 
quences [10]: 



-Fl,n 


4000045 


F2,n 


4000129 


F3,n 


4006190 


Fr.n 


4001076 


F$,n 


4052918 


Fe,n 


4005668 


Fr t n 


4054413 


Fs,n 


4041025 


Fg,n 


4099371 


FlO,n 


4041041 


Fll,n 


4049666 
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The most commonly used matrix in relation to the recurrence relation(l) is 

M = 



k 1 
1 0 



( 7 ) 



which for k = 1 reduces to the ordinary Q-matrix [4], [8]. In this paper we define more general 
matrices M k (n, m),T k (n), S k (n, m). We use these matrices to develop various summation identities 
involving terms from the sequences F k n and L kn . 

Several identities for F k)Tl and L k ^ n are proved using Binet forms in [1] , [3] and [5]. Some of these 
are listed below. 

-7fc,n+i T F kn —\ — L kl j (8) 



7*fc,n+ 1 T Lk,r i—l k,r 



F k . 2n -2(-l) n = AFl n 
Fk,m-\-n ( 1) ^ J k,n—m 



Fk,m-\-n ( 1) F k,n—m 



Fk,m+nF k ,n-m ~ F% n = (-1 )"-"* 1 p 2 



k,m 



L k ,m+ n L k , n -m - LU = (-1 ) n ~ m Fl 



F fc, m+n F k,r-\-m - (-1 ) m F Kn F kir = F Km F k ,n+r+m 



Fk,mnFk,n l)r, 



Fk,mnFk,n 



L k ,ni+n + ( 1) ^k,n ~ ^ Fk,2n+m,Fk,r, 



Lk,m-\-nL k ,n T ( 1) I J k,n—mJ- , k,n — ^^'k,2n^'k,r. 



F k ) m+2rn^'k ,2n+m 



T ( 1) ^'k,2rn^'k,2n ~ ^'k,2(r+l)n+m^'k,m 



In [14]matrix M is generalized using PMI 

M n = 

where n is an integer. 



F'k,n + 1 

F k .n F kn — 1 



(9) 

( 10 ) 

( 11 ) 

( 12 ) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 
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Lemma 2.3 If X is a square matrix with X 2 = kX + /, then X n = F}. n X + for all n G Z 



Corollary 2.4 Let,M 
Proof. Since, 



Corollary 2.5 Let,S = 
Lemma 2.6 

Proof. Since, 

Moreover since, 

We get, 

Thus it follows that, 



k 1 
1 0 



then M n 



Fk.n+l Fk } n 

Fk,n Fk,n— 1 



M z = 



= kM + I 

= Fk tH M + Fk^n-1 




e 


Fk,n 




L F k,n 


0 




Fk,n + 1 


Fk,r 






Fk,n- 



+ 



F, 



k,n— 1 



0 Fkn - 1 



r 

2 

k 


A 1 
2 
fc 


, f/ien 5” = 


Lk,n 

2 

Fk,n 


(A)Ffe, n 

2 

Lk,n 


. 2 


2 - 




2 


2 



,/or every 



for all n £ Z 

□ 



^,n-AF fe 2 n = 4(-ir 



det(S) = —1 

det(S n ) = [det(S)] n = (-l) r 



for all,n G Z 



S n = 



Lk.n ^Fk,n 
~X~ 2 

F 'k,n ^k,n 

~FT ~X~ 



det{S n ) = 



L k,n k,n 



L\ n - AFl n = 4(-l)", 



for all n G Z 

□ 
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Lemma 2.7 



and 



Proof. Since, 



But, 



Gives, 



and 



^Lkn+m — Lk ,nLk,m “ 1 “ 

2-P k,n-\-m = Fk,nLk ,m H“ Lk n F 772 



for all n, 



gn+m 



gn gm 

Lk,n 

2 

Lk,n 

2 



AFz 



k,n 



2 

Lk,i 

“ 2 “ 



2 

Fk,m 

2 



AFz 



k,m 



2 

Lk,v 

2 



^ J k,n^ J k,m~\~^^'k,n^'k,m ^[^ J k,n^'k,rn~^~-^'k,n^ J k,m 

" * " 4 " " 

L k ,n^k ,m~\- ^k n^k ,rn L k ,n L k ,m~^~ AF]$ ,n L'k ,m 



gn-\-m 



,n+m 

2 

L'k ,n-\-m 



AFi 



k,n-\-m 



2 

1 J k,n-\-m 



2 -£/fc,n+m — Lk, n Lk, m F Ai^fe,n-^fe,r; 



2-^ fc,n+ra — Lk,nLk ,m H“ Lk nFk m 



for all n, 



Lemma 2.8 

and 



Proof. Since, 



2 ( 1 ) Lk y n— m — Lk, n Lk,m ^L'k t nL'k,', 
2 ( 1 ) L'k^n—m Lk t nLk,m ^fc,n-^A;,rr 



/or all n, 



5 " 



*s n m 

mi — 1 



= S n [S m ] 

= 5 ".(— 1 ) 



-^fc ,771 






—AF k ,„ 

j 2 

J - / k,m 





Lk,n 


AF kt n 




Lk,m 


-A -Ffe jm 


(-i r 


~F~ 

Lk,n 


2 

Lk,n 




2 

Lk,m 


2 

Lk,m 




2 


2 




L 2 


2 


f Lk,n-L 


J k,m AFfc ^riFfc m 




L'k,nLk,m 



-^fc ,n F k -Ffc ,n Lk,: 



Lk ,n Lk ,m' -A F fe 

,n F k , 



m e z 



m e z 
□ 



m e z 
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But 



Gives, 

and 



S n 



Lk ,n — m A F k 

,n — r 



2 2 
Fk ,n — m ^- J k,n — m 



2( 1) m — Lk,nFk,m A Fk, n Fk,, 



2( 1) Fk,n—m. — Fk,nFk,m 



for all n,m £ Z. 



Lemma 2.9 

and 



(-1 y n L k) n-m L kj n+m — FkjiLk,, 



( 1) F k n —m “I - F ky n+m 



for all n,m G Z 



Proof. By definition of the matrix S'”, it can be seen that 

gn+m _|_ ^ ^yn gn—m — 



On the other hand, 

g n+m _j_ ^ 1 ) m S h 



Gives, 

and 



Lk,,n+m+{ — l) m Lk,n — m A[_Ffc jn + m + (— l) m F k t n—n 

2 m 2 

-GjjTi+m - ! - ! 1) ^ k,n—m ^- / fc,n+T7j 1) L k,n — m 

2 2 



= s n S m + (—l) m S n S~ 



= S n [S m 


+ (-i) m 


s~ 


-m j 






Fk,n 


AF k , n 




F]z ,m 


AF k ^ m 


= 


2 

Fk,n 


2 

Lk.n 


■[ 


2 

Fk,m 


2 

Fk,m 




~ir~ 


2 




L 2 


2 




Fk,n 


AF kn 




F k ,m 

0 


1 1 

O je 


— 


2 

Fk,n 

~T~ 


2 

Fk,n 





+ (-i y 



F'k,m 

~lT~ 

Fk.m 



2 

Fk.nFk.m 



^Fk, n Fk,m 
2 "~ 
Fk.mFk.n 



(-1 ) m L k) n-m "h F kj n+m — F k ^nFk,r 
( 1) F kn —rn "h Fk,n+m 



-af. 



2 

L k.m 



for all n, m £ Z 
□ 
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Lemma 2.10 



&F'k ) x+y+z ^ J k,x^-'k,y^'k,z ~f" ^'k,x^-'k,y^- J k,z "h ^- J k,x^'k,y^- J k,z F A ^k , x . y . . 



and 

^■^k.x+y+z — J- / k,xI J k,yLk,z “1“ A \^ J k,x^k,yF'k,z "h Fk,x^- J k,yF'k,z "I - ^''k,x^'k,y^ J k,z 

for all x,y, z G Z 

Proof. By definition of the matrix S” 1 , it can be seen that 



gx+y+z 

On the other hand, 

gx+y+z gx+y gz 



Fk,x-\-y-\-z AF '}~,x-\-y-\-z 

V~ 2 ~7~ 2 

r k,x-\-y-\-z Lj k,x-\-y-\-z 

2 2 



Fk.x^-y ^-^fc,x+y 
2 2 
Fk,x+y -^fc.x + y 





Lk,z 

2 


A Fk, z 
2 




Fk,z 

2 


Lk,z 

2 



Using, 

Gives, 

and 



Fk.x+yFk.zF ^Uc,x+i/Ue,2 ^[Lk,x+y Fk : z ~ T Fk : x+yLk,z 

Fk,zF'k,x-\-y~^~F'] i ^ z L] CiX ^.y Lk jX -\-y L] i ’ Z -\-AF'k, x -\-yF'] < .’ Z 

4 4 



^Lk^x+y — ■^k^x-^k^y H“ ^Fk^x^k^y 
2-f 1 fe,aH-y = ^k,yF^k,x “1“ ^Fk,yLk,x 

QFk^x+y+z = I J k,xl J k,y^k,z H - I^k^ x Lk,yL / k, Z H - ^k^x^kfy^k^z H“ ^-^'k,x-^k,y-^ 1 k,z 

Q^k^x+y+z = J k, X L / k,yL J k,z “1“ “1“ -^k^x-^k^y^k^z H - -^k^x^k^y^k^z 

for all x,y,z £ Z 

□ 



Theorem 2.11 

^s-H, - A(-l)^ +1 F fci ^L M+ ,F fc , y+ , - A(— 1) S+Z F^ +Z = (-1 ) y+z L\ z _ x 

for all x,y,z £ Z 



Proof. Consider matrix multiplication given below. 



Lk.x 

“ 2“ 


A-Ffc,* 

2 




Lk,y 




Lk,x+y 


Fk.z 

2 


Lk,z 

2 




. -^,2/ _ 




F k,y-\-z 
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Now, 



det. 



L'k,xL'k,z A ^k.x-^k. 

4 



Fk,x 

F k ,z 

2 



AFt,i 

2 

Lk,z 

2 



(-l)*£ fe ,s_ z 

2 

= Q 

± 0 



Therefore we can write 



■^k^y 




Lk,x ^^k,x 

2 2 


-1 


Lk,x-\-y 


Fk,y _ 




Fk,z L k:Z 

2 2 




F k,y+z 



i 


L k ,z 

2 


—AF kjX 

2 




■^k,x-\-y 


Q 


—F k , z 

2 


k*k,x 

2 




F*k,y+z 



Gives, 


II 


, 1) \I J k^zI J k^x-\-y ^Fk,xFk,y-\-z\ 




Lk,z—x 


and 




( 1) [^/c,£C-^/c,£+y -^/c,z-^'/c,y+#] 




Lk,z—x 


Since, 




Lly-AFly=A(-l)y 


We get, 







[^fc, 2 -^fc,a;+i/ ^F kj xF k ,y+z] (A) [Fk,xF k ,z+y Fk,zL / k,y+x] — 4( 1 I J k,z—x 



Using Lemma 2.4 and Lemma 2.6, 

(■^k,z^k,x+y — ‘^^^- / k,z^'k,x+y^'k,y+z + ^ ^'k,x^'k,y+z) 

~^(-^k,x-^k,y+z ~ - '2Lk,xFk,zFk,y+zLk,x+y + F^-L^^y) 
= 4(-l ) y L\ z _ x 



Gives, 

4,*+* - A(-l ) x+y+1 F k , z - x Lk, x+y F k ,y +z - A(-l ) x+z Fl y+z = (-1 )^ Z L\ Z _ X 

for all x,y,z £ Z 



□ 




Theorem 2.12 



L 



2 

k,x+y 



+ ~ Lh'Z-xLk'X+yLky+z + (— 1 ) i + 'L| 



■y+z 



(—l) y+z+1 AF^ Z _ 



for all x , y, z 



Proof. Consider matrix multiplication, 



F k,x 

~FT 

Lk.z 

2 



AF ktX 
&F k z 





Lk,y 




Lk,x-\-y 




. ^k,y 




Lk,y+z 



Now, 



det. 



Lk,z 

2 



A F, 



k,x 



AF k z 



A(-l YFk^ 
2 

= P 

+ 0, ( ifx ± z) 



Therefore for x ^ z, we can write 



^k,y 




Fk,x 


, 2 


-1 


Lk^x+y 


Fk,y _ 




Lk,z 

2 


AF ktZ 

2 




Lk,y+z 



i 


(k 2 +4)F Kz 

2 


—AF ktX 

2 




■^k,x-\-y 


p 


1 

1 


Lk,x 

2 _ 




Lk,y-\-z 



Gives, 


II 

S$ 

-$f 


( 1) [-^fc,2-^fc,aH-2/ -^fe,a;-^'fe,3/+^] 




Fk,z—x 




and 




( 1) [Lk^x^k^z+y Lk^zLk^y+xl 




AF k , z - x 


Since, 




L\y - AFly = 4(-l )V 


We get, 







^[F'kizL'kiX+y -^'k,x^ J k,y-\-z\ \J J k,x~L J k,z-\-y L k , z L k:V+x ] 2 = 4A(-1 ) y Fl z _ x 
Using Lemma 2.4 and Lemma 2. 6, We obtain 

rL+„ - (-i r + ‘L t ,^L k ^L t:t+z + (-i r+‘Li a+z = (-ir‘Af’,-. 

for all x, y, z 



G Z,x 7^ z 



G Z,x 7^ z 
□ 
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Theorem 2.13 



Fl x+y - L k , x - z F k , x+y F k , y+z + (-1 ) x+z Fl y+z = (-1 ) y+z F{ z _ x 

for all x, y, z 

Proof. Consider matrix multiplication, 



k'k.x k'kx 

“2“ “ 2“ 


^ k,y 




Fk , x-\-y 


Pfc,Z ifc.z 

2 2 


_ Fk,y _ 




Fk , y-\-z 



Now, 



det. 



C , x Cfc, jC 

2 2 

Fk,z L kz 

2 2 



(-1 ) z F k , x - z 
2 

= T 

+ 0, ( ifx + z ) 



Therefore for x ^ z, we get, 



■^ k^y 




Fk,X 

~ 2 ~ 


Fk,x 

2 


-1 


-^fc,cc+ 2 / 


Fk,y _ 




Fk,z 

2 


L k ,z 

2 




k , y+z 



1 

T 



Lh.z L k,x 

2 2 

F k ,z ^k.x 

2 ““ 2“ 





Fk , x-\-y 




F k , y-\-z 



Gives, 



and 



Lk,y — 



F k ,y — 



(-1 ) z [ L k , z -^ k , x-\-y ■^- J k , x -^' k , y -\- z \ 



Fi 



k , x—z 



( 1) [Fk,xFk,z-\-y 

F k , X—Z 



Now consider, 



[^fe,z-^fc,aH-2/ -^ / fc,ir-^fc,t/+2:] ^fc,2:-^/c,f/+:r] — 4( 

Using Lemma 2.4 and Lemma 2. 6, We get 

Fl, x+y - L Kx _ z F kiX+y F k , y+z + (-1)-+-F| i2/+Z = (-1 ) y+z Fl z _ x 

for all x , y, 2 : 






□ 
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3 Main Results 



Theorem 3.1 Let n 6 N and m,t G Z with m / 0 ,Then 

d- J k,t k,mn+m+t ( — "1) (ifc,mn+t 1 J k,t—m ) 



^ ( Lk t mj+t 

3=0 



and 



3=n 



^ Fk,mj+t 
3=0 



l + (-l ) m -L k>m 

h^k.t Fk.rnn+rn+t T ( 1) 'k,mn+t k,t—m ) 

l + (-l) m -T fc>m 






Proof. It is known that, 

J - (S m ) n+1 = (/ - 5 m ) 

3=0 

If det(I — S m ) / 0, then we can write 



j=n 



/ - (S™)” 1 ^ - {S m ) n+1 )S t = ^2(S mj+t ) 

3=0 



IE l3Uw) #E1 =S(*Wh) 



From lemma (2.4) 



det(J - S m ) = (1 - Lfc ^) 2 - A 



2 7 4 

For m / 0,lf we take D = 1 + (— l) m — Lfc >m ,then we get 



= 1 + (-l) m - L k>m + 0 



1 






1 _ if* ,m 1 a(^ ,m ) 

1 2 ^ 9 

(Ffc.m) 

2 



1 - 



(-^ J k,m ) 



^ _ {Lk,m) ^ j 



Thus it is seen that, 



j — 1 gmn+m+t^ _ 









( 21 ) 



(22) 



(23) 



j — 1 (" ^ _ — )(*S^ _|_ (^ 

— R(S^ ^wwi+m+t^ 



(24) 



By Corollary (2.2) and (2.3) we get 

^mn+m+t^ 



-^fc,mn+m+t) y^ {^k,t ^ J k,mn-\-m-\-t') 

{^kjt ^- / fc,mn+m-|-t) A (Cfc ,t -^fc,mn+m+t) 

o ^ o 



(25) 
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Using 24 in 23, we obtain 



^ j _ — _ ^mn+m+ij jL ^ ^ 



^ Ufc,t 1 ■ k . m \ m t ) ( O , / Uc,mn + m+t) 

Ufc ,£ Ue,mn+m+t) U fc,t ^k^mn+m+t) 

2 2 



+ 



Fk,m 

2D 



y^ -^fc,mn+m+t) y^ Ufc,t -^ / fc,mn+m+t) 

(-^fc,t ^- / /c,mn+m+t ) A (Vjt ,mn+m+£ ) 

o — ^ o 



Thus from (22) it follows that 



j=n 

j=o 



1 

~D 

1 

~D 



(1 ^ — )(^ J k,t ~ Lk^mn+m+t) H ^ — ft,mn+m+( 



Lk,t I J k ) mn+m+t 



d- I k,md- J k,t ^^'k,m^'k,t ^ ^-'k,m^- J k,mn+m+t ^^'k,m^'k,mn+m+t 



Using Lemma(2.6) 



j=n 



^ ^ Lk,mj+t 
3=0 



Lk,t. L k,mn+m+t T ( 1) (-f^mn+t ^k^—m) 



1 + (-l) m - L 



fc,m 



On the other hand, by (23) and (24) we get 

j=n 



Fk,mj+t 

3=0 



1 

I) 

1 

I) 



(1 ^ — )(-^fc,t — ^fc,mn+m+t) H ^ (-^fc,t — ifc,mn+m+( 



■^k^m-^k^t F'k^mI J k^t L k ,m-^ fc,mn+m+f -** 

2 



F k,t 2 ~f~ 



Using Lemma(2.6) it follows that 






Fk,mj+t 

3 = 0 



Fk,t Fk^mn+m+t T ( 1 ) ( Fk,mn+t ^ k,t—m ) 

1 I ( I)"' 






Theorem 3.2 Let n G IV and m,t G Z,Then 



j=n 



y~l ( 1 y Lk^mj+t 

3=0 



and 



j=n 



Y,(- l ) jF k,m j+ t 

3=0 



Lk,t. £i;,rim+m+i 4 ( l) m (Lk,mn+t L k,t—m ) 

1 + (-l) m - Lfc, m 

Fk,t — Fk,mn+m+t 4“ ( — 1) (-Pfc ,mn+t ~ ^ k,t—m ) 

l + (-l) m -L fc , m 



(26) 



(27) 
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Proof. We prove the theorem in two cases by taking n as an even and odd natural number. 
Case:l If n is an even natural number 



i + (, s m ) n+i = (/ + s m ) 

j = o 

Since, detfl + S m ) = 1 + (— l) m + L / 0, then using Lemma2.6 we can write 



T\( Q r n\ — 1 / T\( om\n-\-l\ nt \ V i \j ( Q m j+t\ 2 £-^j=0 V ^ ) K-^k^mj+t ) 2 Z-/j'=0 V k,mj-\-t) 

+< ' ( +( 1 ’ “ h ’ iEttl-iWW) IJSl-tflw.) 



lifl-il'W fES(-i«A™ + .) 



If we take d = 1 + (— l) m + L ^ m , then we get 



1 [ i , <M ,m 1 _ A 22 ,m) 

('/■ _L om\-l _ _ 2 — ^ 2 

v 1 ^ D > ~ ,1 (~F k , m ) , , (L fc , m ) 

9 -L + o 



1 l , ( L * ) \ t (-^fe,m) tj 



Thus it is seen that, 



_|_ S m )~^ (S^ + <^m.n+m+t \ ^ (1 + m) ^ j ( d^k.rn) _|_ gmn+m+t^ 

d 2 2 



By Corollary (2.2) and i? = 5 + S 1 we get 



MS* + S mn+m+t ) = (r ,t 2 , 



k 2 “2 

A {.^k ,t~\~ ^k ,mn-\-m-\-t) 
2 ^ 2 



Using (28) in (27), we obtain 

-| J , /\ {^k,t tt^mn+rn+t) /\ (^fc,rl"-f!fc l m?i+m+i) 

( / + 5 m)- 1 ( 5 t + 5 mn+m+t) = (j_ + _^) A 2 “ ^ 2 “ 

' ' ' ' r]. 2 \-kk,t i -^/c,mn+m+t J \1- J k,t i -L'/e ?rn . n _|_ m _|_£ J 

L 2 2 



L Ac,m 2 * 2 

2^ (^Lli^lc,mn+m+t) y^ (Uc,t~l~-Uc,mn+rn+t) 



Thus from (27) it follows that 



y~l(-! ) j L k ,mj+t - -j (! + — ^ 
i=o L 



(1 H ^ — )(Lk,t + 4,mn+m+t) + ^,mn+m+f 



— d Lk,t T L^ rnn+m.+t T 



d'k,m^- / k,t ^Fk.mFkjt T {Pk,mFk,mn- \-m+t ^Fk,mFk,m. n +m+t) 



Using Lemma(2.6) and fact that d = 1 + (— l) m + Lfc jm we obtain 






Tfcy + ■^fc,mn+m+t + (— l) m (Lfc )mn+ ( + 

^kft—rri) 

1 + ( — l) m + Tfc.m 
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Similarly it can be easily seen that by using Lemma(2.6) 



j=n 



3=0 



Fk,t “I - Pk,mn+m+t T ( 1) (^,ran+t “1“ F k,t—m ) 



l + (-l) m + L 



k,m 



Case:2 If n is an odd natural number 
Since n is an odd natural number, we get 

j=n j=n - 1 

^ 1 Y Lk,mj+t = ^ ^ (— Lk,mn+t 



( 30 ) 



j=0 



i=o 



Since n is an odd natural number then (n — 1) is an even. Then taking (n — 1) in (25) and using 
it in (29), it follows that, 



j=n 



E • _ L k>t + L k,mn+t T ( 1) (L k,mn—m+t T T^. ^_ m ) , 

V -U 3jk,mj+t ~ 7 ;~7 mi - i r k,mn+t 



3=0 



l + (-l ) m + L fc , m 

— ( — ir ^-'k,m-^- l k,mn+t 



Using Lemma(2.7) we obtain 



j=n 



I=o 



1 + (— l) m + 

+ (-l ) m (L ktt _ m -L k 

,mn+t) 

1 + ( — l) m + L kf m 



(31) 



In similar way it can be seen that, 

j=n j=n - 1 

^ ' ( 1 Fk^mj+t /* ' ( f )'i Fk mj+t, ^'k,mn+t 



(32) 



3=0 



3=0 



Using (25) in (32), it follows that, 



j=n 



E ( \\j -p — + F k ,mn-\-t + (— 1 ) m (Tfe, mn _ m +t + I- 'k,t—m ) p 

-U fk,mj+t — 7 ^“7 \ m , P 7 -C k,mn+t 



3=0 



l + ( — 1 ) m + Lfc,m 
-bfc,t + ( — l) m (Tfe ;mn _ m +t + F k j-m) ~ (— 1 )' n Fk t mn+t L k ,m /c ,mn+t 



1 + (— l) m + Lkj 



Using Lemma(2.7) we get expected formula 



j=n 



1 y Fk^mj+t 

3=0 



Fk,t. -£'fc,mn+m+t T ( 1) (Tfc,t— m F ktmn - |_j) 

1 + (— l) m + Ufc,m 



(33) 

□ 



4 Conclusion: 

Some new summation identities have been obtained for the k — Fibonacci and k — Lucas sequences. 
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